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The feasibility of developing a cell-vertex, finite-volume scheme with multigrid acceleration for use in
conjunction with multiblock grids is investigated. The aim is to provide a fast, accurate method for calculating
the inviscid flow over complex geometries without the need to modify the computer programs for each new case.
For the investigation, 2 methed has been developed for two-dimensional flows, although a grid generator is
available for three-dimensional shapes. The method has been validated by comparing results with those from an
equivalent, single-block computer program for a case where that is possible. In addition, results are presented
from a calculation using a realistic, multiblock grid for a two-element aerofoil configuration. It is concluded that
a cell-vertex, multigrid scheme for use with grids having an irregular, multiblock structure can be developed
successfully. However, a degree of flexibility in the flow algorithm is needed if the potential benefits of multigrid

and multiblock are to be achieved.

Introduction

HE purpose of the work described in this paper is to

investigate the feasibility of developing a cell-vertex,
finite-volume scheme with multigrid acceleration for use in
conjunction with multiblock grids of the form developed by
Shaw et al.! These methods for grid generation and flow
calculation are two of the major developments in computa-
tional fluid mechanics in recent years and offer the possibility
of providing a fast, accurate method for calculating flows over
complex geometries without the need to modify the computer
programs for each new case.

In the multiblock grid generation scheme adopted for the
present work, the physical space is divided into nonoverlap-
ping regions or blocks each of which can be mapped to a cube
in computational space. A block is characteristically associ-
ated with a particular component of the configuration such as
a wing or flap. In the first stage of the scheme, the way in
which the space is divided, that is, the topology of the block
structure, is specified. This is a nontrivial task since the speci-
fied topology determines the form of grid that will be gener-
ated. The objective is to specify a topology that not only will
suit the configuration in a general sense, enabling a satisfac-
tory grid to be generated throughout the field, but also will
lead to a grid of the desired form around each component of
the configuration, for example, an ‘O’ or ‘C’ grid around a
wing section. The chosen topology may lead to a grid that
contains irregular points even though, within each block, the
grid is regular (i.e., conventionally structured). In two dimen-
sions, a normal point of the grid is surrounded by four cells,
but the irregularity manifests itself by the appearance of
points surrounded by three, five, or more cells; the flow
algorithm can detect and treat such points-appropriately.

Several authors>? have developed grid-generation schemes
similar to that just described. Different constraints are some-
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times applied at the block boundaries, and details of the
methods for generating the grids within blocks may vary, but
these schemes yield grids of the same form as those used in the
present method.

Alternative methods for generating grids suited to complex
configurations have been reported by many authors. Some of
these methods yield, grids with a blocklike structure, but the
blocks may not be rectangular, or the grid within each block
may be generated independently of the grids in other blocks,

" leading to a lack of continuity at block boundaries. For exam-

ple, Dannenhoffer and Baron* use solution-adapted grid em-
bedding to produce desired grid-point densities in regions of
high-flow gradients. This procedure makes efficient use of
grid points but leads to irregularly shaped blocks, and Dan-
nenhoffer has been forced to use a cell-based data structure
such as would be necessary for a completely irregular grid.
More recently, Ni and Bogoian® have reported a method for
calculating multistage turbine flows in which grids in adjacent
blocks move relative to each other. Clearly there can be no
grid-line continuity at internal block boundaries in such a
case, and so a completely different approach to the calculation
of the flow at these boundaries must be adopted.

All these schemes differ from some others that have also
been called multiblock but that essentially provide a means for
dividing the physical space into blocks of a size such that the
associated data will fit into the available computer memory. In
such schemes, the criteria for dividing the space are completely
different from those of the present scheme and the blocks are
not necessarily associated with particular components of the
configuration; the two types of method are substantially dif-
ferent.

Two significant features of the multiblock scheme referred
to here are that 1) the grid lines are continuous across block
boundaries and 2) only one type of flow boundary condition
may be applied at a given block boundary. The latter condi-
tion means that at least three blocks are required for a single
aerofoil calculation, and a grid of that form is used for the
validation of the method described in this paper. It may be
noted that although not required by the flow calculation
method, the slopes of the grid lines are normally also continu-
ous across block boundaries unless constraints have been
placed on the positions of the boundaries themselves.

The scheme has been developed for the generation of grids
in three dimensions, but the results presented in this paper are
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for calculations of two-dimensional flows. The grid used for
the two-element aerofoil calculations was obtained from a cut
through a three-dimensional grid.

The second of the developments combined in the work
presented here is the cell-vertex, multigrid method applied to
systems of hyperbolic equations. This technique was pio-
neered by Nif for solving the Euler equations for steady flow
and yielded significant improvements in speed and accuracy
over existing methods. The scheme uses Lax-Wendroff time-
stepping and, in contrast to cell-centered schemes, is formally
second-order accurate except in the neighborhood of shock
waves, even for nonsmooth grids. Ni’s scheme has a further
advantage in that it has fewer possible spurious modes than
cell-centered schemes.” It should be noted that all schemes of
this type (i.e., not upwinded) require the addition of some
form of smoothing or artificial dissipation to ensure stability,
and this may reduce the accuracy of the scheme. The cell-ver-
tex method has been developed extensively by Hall® and
Arthur,’ and it is the latter development that forms the basis
of the present work. It is intended that the flow calculation
method should be quite general, in the sense that it should
enable the flow over any configuration to be calculated, given
a grid of the multiblock type, without modification to the
computer program. Since multiblock grids may contain blocks
with very different numbers of intervals in different coordi-
nate directions and with large variations between blocks, the
method has been developed with the following features to
enable the benefits of multigrid to be realized:

1) In each block, the ratio of the number of intervals in
one grid to that in the grid one level coarser may be any integer
rather than the more usual restriction to two; furthermore, the
integer may be different in the different coordinate directions
and may vary from block to block.

2) The number of multigrid levels may vary from block to
block.

These features mean that although the fine grid is continu-

ous throughout the computational domain, the coarse grids

need not be continuous across block boundaries. There is no
unique way of developing a cell-vertex multigrid scheme
within a multiblock framework, but the desirability of the
above features led to the particular choice that is described
below.

The methods of Amendola et al.2 and Fritz et al.,> which use
grid structures similar to those of the present method, are
based on cell-centered Jameson-type schemes!® for solution of
the flow equations. The treatment of internal block bounda-
ries in such schemes is very different from that of the present
method, and in particular, no special treatment is required at
irregular points of the grid in a cell-centered scheme,

In contrast, the schemes of Dannenhoffer and Baron* and
Ni and Bogoian® use the cell-vertex formulation for solution
of the flow equations but have grid structures rather different
from those of the present scheme, and, as a consequence,
different implementations of the cell-vertex scheme at block
boundaries. In the work reported here, the solution is updated
during the fine-grid time-step at points on block boundaries in
an identical way to that used at interior points of the block,
just as if the boundary had not been there. The price that has
to be paid is in additional programming logic. For the coarse-
grid time-steps of a multigrid sequence, different schemes are
used at internal and block-boundary points. This allows great-
er flexibility but does not, of course, affect the final solution,
although it may affect the rate of convergence.

The data associated with the present scheme consist essen-
tially of two parts. The first consists of the grid coordinates,
the dependent flow variables and variables used at intermedi-
ate stages of the calculation. All the data are held in the
computer’s main memory and are stored block by block, in a
regular, block-structured manner. The blocks may be num-
bered in any order, but information about the block numbers
and relative orientations of adjacent blocks is also held in
memory; this constitutes the second part of the data.
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Two sets of results are presented to demonstrate the feasibil-
ity and potential of the method. The basic feasibility is demon-
strated through results of calculations over the aerofoil RAE
2822 for Mach number M = 0.75 and angle of incidence
o = 3.0 deg. These are compared directly with those obtained
using an equivalent, single-block method, and since this is a
standard test case,!! they may be compared with results from
many other sources.

The second set of results is for the calculation of low-speed
flow (M = 0.2) over the Williams-A aerofoil-plus-flap config-
uration, which has a 30-deg flap angle.!? The grid used for
these calculations is irregular in the sense described above, so
there are no results from single-block methods using the same
grid with which the new results can be compared.

Cell-Vertex, Multigrid Scheme for a Regular Grid.

Details of the original scheme and some of its developments
have been reported extensively elsewhere (see, for example,
Refs. 6, 8, and 9), so only a brief review is given here. The
essence of the scheme is that the values of the flow variables
are held at grid points—the cell vertices—and integrals around
cell boundaries are used to calculate changes in conserved
quantities. A Lax-Wendroff time-marching scheme is used to
advance the solution towards the steady state, and a multiple
grid technique used to accelerate the convergence. In the pre-
sent formulation, each coarse grid of a sequence is obtained
from the grid one level finer by retaining every nth point
where n is, in principle, any integer; furthermore, n may be
different for each coordinate direction and for each of the
grids of the sequence. The only restriction is that » must be
greater than 1 for all coordinate directions for the first coarse-
grid level of a multigrid sequence.

Since only steady-flow solutions are sought, it is sufficient
to assume constant stagnation enthalpy and to solve equations
for the conservation of mass and momentum only; the pres-
sure may be obtained directly from Bernoulli’s equation. For
simplicity, the discussion is restricted to two-dimensional
flow, but the extension to three dimensions is straightforward.
The differential equations may be written conveniently in
conservation form for orthogonal, Cartesian coordinates x
and y as

U oF oG

ot Tax Ty 0 M
where U, F (U, U,, U;3) and G(U,,U,,U;) are vectors with
components

U o pu pv
U=\ U, |]=|pu ], F=| pu*+p |, G= puUv
U, ov ovu pvi+p

Bernoulli’s equation may be written as
(y—1)/2 (u?+v?) +(yp/p)=const

The freestream at zero angle of incidence is in the direction of
X increasing, while y is positive upwards; p and p denote the
density and pressure; ¥ and v represent Cartesian velocity
components in the x and y directions, respectively, and v is the
ratio of specific heats of a perfect gas, taken to be 1.4.

The Lax-Wendroff formulation for advancing the solution
on a fine grid is obtained by expanding U in a Taylor series
about the current time level #* and substituting for dU /¢
from Eq. (1):

SU1 = — <a—F+2§>6t"“

ax 9dy
1[ a/oF aU\ [5G aU\]"
—— | —f — —— —_ — - n+1y2 0 5t”+l3
2[8x<6U 6t>+ay<8U ar)] @y +0er" ™y
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Here, 6U"+!= U"+! — U” and the local time-step length is
Stn+l=yn+l_¢n where U"= U(@t"); dF/9U is a symbolic
representation of the Jacobian 3(F,, F,, F3)/d(U,, U,, Us) and
should not be taken to imply that F is a function of U.

The change 6U"* ! that is to be associated with a particular
grid point is given by an average of the values of the terms on
the right of Eq. (2). The average is obtained by integrating
over a region surrounding the grid point in question, and since
each of the terms is in divergence form, the double integrals
involved may conveniently be converted to boundary integrals
and evaluated from known values of the integrands at points
of the boundary.

A different Taylor series is used to develop the scheme for
multigrid acceleration. It relates changes in U at consecutive
time levels and may be written®

stn*1 1 [ afeF 3 (3G
dUR+ = 5Un —= | 2 =sun) + — = sUm
atn 2 [ax<aU U> 8y<3U v >]

n+1
X %—(&z“ L §t7) + O[(8¢ 2667+ 1, (8¢ + 1)) ?3)

In determining the change to be associated with a particular
grid point, a simple algebraic average of the first term on the
right over a region surrounding the grid point is used; the
second-order term is treated in a similar fashion to that used
for the fine-grid time-step. One multigrid cycle consists of a
single time-step on the fine grid, followed by one time-step on
each of the successively coarser grids of the multigrid se-
quence, the calculated changes being interpolated back to the
fine grid. It should be noted that when the solution is con-
verged on the fine grid, no changes will be generated on the
coarser grids, and in the absence of artificial dissipation, the
solution would be second-order accurate in space.

Boundary conditions are applied in a manner that is consis-
tent with the scheme for an interior grid point. A flow-tan-
gency condition is applied at a solid surface, while in the far
field, the condition is obtained from the freestream together
with a compressible vortex of strength determined by the
aerofoil lift.

To further increase the rate of convergence to the steady
state, the method uses local time-step lengths—estimated max-
imum lengths permitted by stability considerations for each
cell.

Finally, a smoothing increment is added to the solution at
each point after each fine-grid time-step so that the scheme
can be made stable and to damp spatial oscillations that would
otherwise occur, especially in the neighborhoods of shock
waves. To satisfy the demands made on it, the form of incre-
ment that has been chosen provides some background smooth-
ing but strong smoothing in regions around shock waves.

Cell-Vertex, Multigrid Scheme for Multiblock Grids

In the present scheme, in which fine-grid lines are continu-
ous across block boundaries, the grid in the neighborhood of
any grid point will not appear different from a single-block
grid, except at block corners where the number of blocks
meeting differs from four. In the absence of such irregular
points, therefore, it would be possible to construct a multi-
grid, multiblock algorithm that exactly simulated the single-
block method. Furthermore, with an appropriate extension
for the treatment of irregular points, one might reasonably
expect to obtain a method that yielded results of equal accu-
racy and with equal rate of convergence as the original
scheme. However, such a scheme would have several limita-
tions when applied to general multiblock grids since, by defini-
tion, it would require the same number of multigrid levels in
all blocks. It has been shown?® that having four, five, or more
levels increases the rate of convergence. Ideally, therefore,
each block of the grid should have a number of intervals in
each coordinate direction that allows cells to be grouped
together to form such a sequence of coarser grids. Experience
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shows that this is not always easy to achieve, although clearly
if coarser grids may be formed from finer grids by taking a
number of intervals different from two in each coordinate
direction, then the task is made much more easy. However,
such flexibility may still be insufficient to enable suitable mul-
tigrid sequences to be defined since large blocks might support
several multigrid levels while a small block (e.g., 4 cells X 6
cells) can support perhaps only one coarse-grid level, and a
wide range of block sizes occurs in a typical multiblock grid.
In the large blocks, it is not possible to jump from the fine grid
to a very coarse grid in one step since this could lead to insta-
bility, especially if the coarse-grid cells have a much higher
aspect ratio than those of the fine grid. Such considerations
lead one to the development of a scheme that permits different
numbers of multigrid levels in different blocks of the field.
This is incompatible with the ideas of simulating the single-
block algorithm and one is forced to consider schemes in
which one or more cycles of time-steps are taken at each point
of one block before continuing with a second block, and so
on. In such a scheme, care will be needed in the treatment
adopted for points on interior block boundaries. Further-
more, instabilities must be expected to develop if the differ-
ences in the numbers of multigrid levels in adjacent blocks are
such as to lead to solutions being advanced by excessively dif-
ferent amounts of time per cycle at adjacent points. The pur-
pose of the work described here is to investigate the possibility
of developing a cell-vertex, multigrid, multiblock scheme that
will satisfy the demands made on it in the face of these
difficulties. .

A common feature of all the types of schemes discussed
above is that a single fine-grid time-step is taken in each cycle
at each grid point. It is possible and, in fact, beneficial for this
time-step to be taken at all points of the field before any
coarse-grid time-steps are taken since, with the simple exten-
sion described below to deal with irregular points of the grid,
the equivalent part of the single-block algorithm can be simu-
lated without incurring a storage penalty. This has the advan-
tage that it removes one source of uncertainty in the method
since the single-block scheme is well proven. Such a procedure
is adopted in the present work. In the second stage of the
scheme, all remaining steps of a cycle are completed for each
block in turn.

Treatment at an Irregular Point

Figure 1 shows a region of a multiblock grid in which five
blocks meet at a point. Points 1, 2, ..., 11 are cell vertices, and
A, B, C, D, and E are cell centroids. Following the procedure
for a single-block grid® discussed above, the first-order change
in U from time level n to time level n + 1, associated with grid
point 1, is [see Eq. (2)] an average value of —(dF/dx +0G/
ay)" 8t"+1. The average is taken over all cells meeting at the
point and is given by

dF 0G\"
—+— ] dxdy/ dxd
<ax ay) d csegl Y

23...2m+1)

(D\U™) = —(@t"+ )y, f
cell
23..2m+1)
The number of cells meeting at grid point 1 is m, and the
notation assumes that the numbering convention of Fig. 1 is
used. The numerator is evaluated by application of Green’s
theorem in the plane and the trapezoidal rule. The denomina-
tor is simply the area of the cell.

The second-order change in the solution at grid point 1 is an
average of the second term on the right of Eq. (2). Here,
however, the average is taken over the cell formed by the
centroids and is

1 2 ) <8F au)
D, U™, = —=| §n+1 — —— =
U 2( >1 551 [ax U ot
3 /3G 30\ 1 A)Age.. Ay
+~ — e
8y<aU 6t>} dxdy/ [{ dxdy

cell
AAg.. Ay
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Fig. 1 Region of a fine grid in which five blocks meet at a point.

where in the case illustrated m =5, and A, represents A, B, C,
D, or E as k takes values 1, 2, 3, 4, or S, respectively. dF/3U
is evaluated directly from approximate values of U at cell
centroids given for point A as an example by

)4 =0.25(U;+ U+ Us+ Uy

where dU /3t is replaced without loss of formal accuracy by
AU"/8t"+1, where (AU™),4, is the contribution to the first-or-
der change (D, U™),; from the cell with centroid A, and is given
for k=1 by

aF 9dG\"
AU = ~@" ) ] <— +—> dxdy/ || dxdy
cell ox ay cell
1234 1234

The expression for (D,U"), is evaluated in the same manner as
that used for the first-order term.

Boundary Conditions

There are effectively five different types of boundary condi-
tions that can be applied at block edges: solid surface, inflow,
outflow, and two conditions associated with continuous flow
across boundaries in the interior of the field. The first of the
last two conditions is essentially the case in which the solution
at the boundary point is calculated; the second condition is
that applied at the same point in the adjacent block. Clearly
the solution need not be recalculated but may simply be copied
from the original block for which the calculation was done.
The boundary conditions are implemented exactly as in the
single-block method in cases for which equivalent conditions
exist. At the continuous flow boundaries, the effect of apply-
ing the boundary condition is the same as if the point had been
an ordinary field point.

The five types of boundary conditions lead to 15 different
conditions that can arise at block corners, and they must be
dealt with appropriately. The conditions that are dealt with in
the existing single-block method and several others that can be
treated in a similar way are not described here. Their treat-
ment is a straightforward combination of the two conditions
applied along the edges forming the corner. A case that is not
in this category is that of a corner formed by two continuous
flow boundaries, and this will normally occur in one of two
circumstances. The first is a point at the end of a solid
boundary, such as at the trailing edge of an aerofoil. In this
case, the solid surface condition is applied at the point. The
second is where several blocks meet at the point, and for this
the required procedure has been described above. (If the point
in question is not an irregular point [i.e., if four blocks meet
at the point], the procedure as described is equivalent to that
applied at an ordinary field point.)

From a practical viewpoint, it should be noted that for a
general method, extra bookkeeping is required to allow for the
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different possible relative orientations of adjacent blocks—
eight in three dimensions and at least four in two dimensions.
At block corners, where the number of blocks meeting at a
point is higher, the amount of additional bookkeeping rises
accordingly.

Multigrid with Multiblock

The method for updating the solution on the coarse grids—
the multigrid acceleration scheme—is the same as in the single-
block method® for points in the interior of a block or on a
solid surface or far-field boundary. A description of the pro-
cedure adopted for the remaining points along the edges and

in the corners of blocks follows.
Figure 2 shows a region of the interface between two blocks.

The primary block is that in which the solution is being up-
dated, and it is assumed here that points of this block are
updated before those of the adjacent block in each cycle.
Points of the current grid are marked by crosses; the solid lines
in the primary block show the grid one level finer, while in the
adjacent block, they show one of the coarse grids in that
block’s multigrid sequence. The dashed lines show the finest
grids of current multigrid sequences of the two blocks, contin-
uous across the boundary. The solution at point 1 of the
primary block is updated using information from points 1 to

9. Points 5, 6, and 7 need not be points on any of the coarse

grids of the adjacent block’s multigrid sequence, but they are
on the same fine-grid line. Each is chosen in a similar manner
that for point 6 is as follows: point 6 lies on the continuation
of the fine-grid line through points 2 and 1 and is an equal
number of fine-grid intervals from point 1 as is point 2. If this
procedure were to place point 6 outside the adjacent block
(i.e., beyond the ‘‘far’’ boundary)—which might easily hap-
pen when updating the solution at point 1 on a very coarse grid
of the primary block—then point 6 is taken to be on the
boundary of the adjacent block opposite point 1.

The change in solution at point 1 for the coarse-grid time-
step from time level n to time level n + 1 is obtained as
follows. Let the subscripts 4, B, C, and D denote cells 1456,
8167, 9218, and 2341, respectively. Then the first-order contri-
bution to the change may be obtained from Eq. (3) as

0,0, =

Y GUNS <5t,.+ 1)
1

k=A'B, G D
Sk ot"

k=A4,B,C D

where ( ); denotes a value for grid point 1, S, is the area of cell
k, and (6U"), is a simple algebraic average that for cell D is

©UMp =0.25[6U™, + (6U™), + (86U + (6U™)4]

Except for the first coarse grid of a sequence, the values of
(U™ at points 5, 6, and 7 will not have been calculated.
Indeed, since those points may not lie on any of the coarse
grids of the adjacent block multigrid sequence, the required

= ;
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Fig. 2. Grids in a region that includes the interface between two
blocks.
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increments might not be calculated even-as the solution is
updated at points of that block. Furthermore, the time-step
lengths that are used as the solution is updated in the adjacent
block will be those appropriate to the multigrid sequences of
that block and may be significantly different from those of the
current block. An alternative procedure for obtaining the
required values of (8U”) must be adopted. A simple approxi-
mation, suggested by Eq. (3), is given by

U™ = (6UM)s bt7/6tM

where (8UM)s is the total change in U at grid point 5 calculated
at the most recent fine-grid time-step, and 6¢™ is the associated
time-step length. The superscript 7 relates to time levels only
in the primary block, so 6¢” here is an equivalent time-step
length based on the primary block grid sequence but relating
to grid point 5. Following Ref. 9, time-step lengths used for
coarse-grid calculations are related directly to the most recent
fine-grid time-step lengths and the relative sizes of coarse and
fine grid cells. This differs from the fine-grid procedure in
which time-step lengths are calculated from local Courant-
Friedrichs-Lewy (CFL) conditions. Thus an approximation to
(6U™) at points 5, 6, and 7 is readily found, and (D,U"); may
be calculated.

The second-order change (D,U™), is an average for cell 3579
of the second term on the right of Eq. (3). Evaluation of the
average requires values of 3F/3U and 3G /3U at time level n.
They may be obtained directly from known values of U at
points 3 and 9, while for points 5 and 7, estimates can be
found from approximate values of U obtained by increment-
ing the values of U calculated at those points during the most
recent fine-grid time-step by the values of (8U") obtained as
described above.

It remains only to consider the method to be applied at
points where several blocks meet. Just as the method to be
applied on a fine grid was extended for the treatment of
irregular points, so the scheme used to update the solution on
a coarse grid at a continuous flow boundary, described in the
preceding paragraphs, is extended in an analogous way. It is
complicated by the different relative orientations and multi-
grid sequences of the relevant blocks, but the principles of the
procedure are a straightforward extension of the schemes al-
ready described.

Results

Two sets of results are presented here. The first is to provide
validation of the method and to enable an assessment to be
made of the features that were included because they were
thought necessary if the benefits of multigrid and multiblock
were to be exploited. The second set of results is for the
calculation of low speed flow over an aerofoil-plus-flap con-
figuration. The results, which were obtained using a multi-
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Fig. 3 Details of the fine grid in the neighborhood of aerofoil RAE
2822.
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Fig. 4 Block structure for the multiblock aerofoil calculations,
showing the numbers of intervals in each coordinate direction and the
boundary condition types.

block grid containing several irregular points, demonstrate the
potential of the method for calculating flows over complex
geometries.

Validation

To validate and assess the performance of the method, it is
necessary to choose cases for which the flow can be calculated
equally well using an equivalent, single-block method. This
eliminates differences that might arise from different Euler
algorithms and, in particular, different smoothing schemes. It
will also enable the cost of overheads associated with the
multiblock grid structure to be assessed directly. For this
reason, all calculations in the first set are for the flow over
aerofoil RAE 2822 at Mach number M = 0.75 and angle of
incidence oo =3 deg. The flow includes a large supersonic
region terminated by a strong shock wave, with the Mach
number just upstream of the shock wave exceeding 1.5. The
case has been selected as an AGARD test case,!! so there is an
abundance of data with which the present results can be com-
pared.

The high degree of flexibility of the present scheme makes it
difficult to demonstrate all the features in a few results. It is
hoped that the results provided will allow an overall assess-
ment to be made of the success of the chosen multigrid,
multiblock strategy. The information may assist other re-
search workers in developing their own strategies for similar
schemes.

The fine grid used in the calculations is a C-grid developed
by Hall!? from a method due to Rizzi.'# It has 192 intervals in
the direction around the aerofoil and 24 into the field; 24 of
the 192 intervals are downstream of the trailing edge for both
upper and lower parts of the C, leaving 144 on the aerofoil
contour. Figure 3 shows the grid in the vicinity of the aerofoil.
The outer boundary is approximately eight chords from the

-aerofoil in all directions. The grid was divided into three

blocks for the multiblock calculations and the details of the
blocks are shown in Fig. 4.

For reference purposes, one calculation has been done using
a single-block method that is, in all other respects, equivalent
to the multiblock method described in this report. The calcula-
tion was done using the common multigrid sequence in which
each coarse grid was obtained from the grid one level finer by
omitting alternate points in each coordinate direction. Thus
the numbers of intervals in the four grids were 192x24,
96x 12, 48x 6, and 24 x 3. It has been found to be advanta-
geous'? to begin a calculation with some cycles on one or more
sequences of grids that omit the finer levels. In this example,
400 cycles were completed using only the two coarsest grids,
followed by 300 cycles using a three-level sequence and finally
further cycles using all four grids. An equivalent calculation
using the three-block grid has also been performed so that
housekeeping overheads and other effects on the performance
associated with the multiblock method can be determined.
Details of the multiblock grid sequences are given explicitly in
Table 1, case 1.
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The calculated distribution of surface pressure coefficients
is shown in Fig. S, and within plotting accuracy it is the same
from both calculations.

The convergence histories of the two calculations are shown
in Fig. 6. Two measures of convergence are plotted: the calcu-
lated lift coefficient C; and a measure of the residual, log R,,
where R, is defined as the mean value of |8p/é¢] for all points
of the current fine grid; 6p is the change in density at the last
fine-grid time-step and 6¢ is the corresponding time-step
length. There is clearly no degradation in the performance of

1.0
X/C

~0.5

-1.0

Fig. 5 Calculated surface pressure coefficient distribution for aero-
foil RAE 2822, M =0.75, a=3.0 deg.

Single block
------ Muitiblock

0 200 400 600 [=]e]¢] 1000_4

CYCLE NUMBER

Fig. 6 Convergence histories of the residual and lift coefficient, case
1.
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-6 0 500 1000 1500 2000 2500

CYCLE NUMBER

Fig. 7 Convergence history of the residual, case 1.
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the multigrid algorithm in the multiblock method, even
though the scheme for updating the solution on the coarse
grids at points on block boundaries is formally less accurate
than at other points. The spikes in the residual history occur at
the changes from the two- to three-level sequence and the
three- to four-level sequence. The horizontal dashed line indi-
cates the lift coefficient obtained from the single-block
method after an effectively infinite number of cycles. There is
a perceptible difference in the converged lift coefficients from
the two methods—approximately 0.2% —but for all practical
purposes, the converged results are the same.

In Fig. 7, the variation of residual with cycle number is
plotted for 2500 cycles, showing that the multiblock method
continues to perform well as the calculation converges. It
should be noted that far fewer cycles would be required to
achieve a level of convergence adequate for practical pur-
poses. The boxed region indicates the portion of the figure
shown on a larger scale in Fig. 6.

Figure 8 shows the same information as Fig. 6, but in the
former, the convergence histories are plotted against CPU
time on a Cray 1S computer. As expected, the CPU time per
cycle is greater for the multiblock method. The latter requires
18.1 s to reach a level of convergence at which the lift coeffi-
cient does not subsequently deviate by more than 0.5% from
the fully converged value-—3.3 s or 22% more than is required
by the single-block method. This gives an indication of the
penalty to be paid for the overhead associated with multiblock
grids, although this will, of course vary with the number and
sizes of blocks.

Figure 9 shows two further results that may be compared
with the one shown in Fig. 8. The solid lines show convergence
histories obtained from the multiblock method using the

1.2 o)
1.1
CL
1.0
0.9
—— Single block
------ Mutltiblock
o} P’} 8 1518 20 24 =28 4
CPU TIME <~ SECONDS CRAY 1S

Fig. 8 Convergence histories of the residual and lift coefficient, case
1.

[0} 4 8 12 186 20 24 28
CPU TIME - SECONDS CRAY 18

Fig.9 Convergence histories of the residual and lift coefficient
showing the effect of discontinuities in coarse grid lines at block
boundaries.
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Table 1 Numbers of intervals in each coordinate direction for each
grid of each sequence for the various cases investigated

Sequence Case 1 Case 2 Case 3
Block 1
1 6X6 6%6 6x6
3%x3 3x3
2 12x12 12x 12 12x12
6X%6 3Ix3 6x6
3x3
3 2424 24 % 24 24x24
12x12 6X6 6X%X6
6X%6 3Ix3
3Ix3
Block 2
1 36x6 36x6 36x6
18x3 18%3
2 72x12 72%x12 72%x12
36x6 18x3 18x3
18x3
3 144 x 24 144 x 24 144 x 24
72%x12 36x6 36x6
366 18 %3 183
18%3
Block 3
1 6%x6 6X%X6 6X6
3x3 3x3
2 12x12 12x12 12x12
6X6 3x3 6%x6
3x3
3 24 %24 24 x24 24 x 24
12x12 6X6 6Xx6
6Xx6 3x3
3Ix3

multigrid sequences of case 2. The two-level sequence used for
the initial cycles is the same as for case 1, but the first coarse-
grid level of the three- and four-level sequences of case 1 has
been omitted to produce the grid sequerces for case 2. Thus
the finest and coarsest grids in each sequence are the same in
both cases, but there are four fine-grid intervals per interval of
the grid one level coarser in each coordinate direction for the
second and third sequences of case 2. The dashed lines show
convergence histories for a third set of grid sequences, case 3.
The essential feature of these grid sequences is that the coars-
est grid used in block 2 is coarser than that of blocks 1 and 3,
i.e., the coarse-grid lines are not continuous across block
boundaries. To achieve this, the initial time-steps are taken on
a single grid. Details of the grid sequences are shown in Table
1.

Comparison of the results from cases 1, 2, and 3 suggests
that the multiblock scheme works well with nonstandard grid
sequences, different grid sequences in adjacent blocks, differ-
ent numbers of levels in adjacent blocks, and discontinuities
across block boundaries in grid lines of any but the finest grid
of a sequence.

In addition to the capabilities already described, the scheme
permits the use of multigrid in some blocks with no multigrid
in others. Results show that such a strategy will be successful
in some cases but will work less well or may even fail if
multigrid acceleration is used in most blocks but not some,
perhaps close to a solid surface, where the solution changes
rapidly during the transient phase. A way of overcoming this
breakdown might be, in those blocks where no multigrid is
possible, to take several fine-grid time-steps per cycle of time-
steps in the remaining blocks. Such a procedure is not possible
within the present strategy.

Williams-A Aerofoil Plus Flap

The Williams aerofoil-plus-flap configurations!? provide
testing cases for both the grid-generation and flow-calculation
methods, even for the low speed flow, M = 0.2, considered
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here. There are two configurations, A and B, having 30- and
10-deg flap angles, respectively. The former has been selected
for the present work. The 30-deg flap angle leads to high
suction peaks near the leading edges of both flap and main
element. Figure 10 shows the grid in the neighborhood of the
configuration, while Fig. 11 gives further details of the region
between the two elements. The grid consists of 53 blocks with
a total of 6518 cells and four irregular points. There is a C-grid
structure around the main aerofoil and a second around the
flap; these are embedded in an H grid extending to the
farfield, where the outer boundary is rectangular. Some of the
(internal) block boundaries are not needed to produce this
topological structure, but they have been introduced to pro-
vide grid control. The block sizes vary from 26 cells X 15 cells
to 5 cells X 5 cells so that, with this grid, little benefit can be
obtained from the use of multigrid.

Calculated distributions of surface pressure coefficients are
shown in Figs. 12a and 12b. There are few results available
with which the present ones can be compared and no general
consensus as to their accuracy.! The effects of compressibility
on the flow over this configuration are significant even at this
low Mach number (the peak Mach number approaches 0.8), so
a solution obtained using a panel method could not be re-
garded as definitive. However, the exact incompressible flow
solution is known and is shown as the dashed lines in the
figures. The peak suction levels appear to be well predicted,
although the general suction levels over the upper surface of
the flap and towards the trailing edge of the main element are
probably a little low.

o [l

Fig. 10 Details of the grid in the neighborhood of the Williams-A
aerofoil-plus-flap configuration.
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Fig. 11 Details of the grid in the region between the main element
and flap of the Williams-A aerofoil.
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Fig. 12 Calculated distribution of surface pressure coefficients for
the Williams-A two-element aerofoil.

A more detailed investigation of the calculated flow in the
field shows no problems associated with block boundaries or
irregular points of the grid. In some blocks adjacent to solid
surfaces, the block size prevented the use of multigrid. The
calculation diverged if multigrid was used in other blocks close
or adjacent to solid surfaces, so only fine-grid time-stepping
was used in all these blocks. Elsewhere in the field, the use of
one or more levels of multigrid where possible produced no
significant improvement in the convergence rate. Removal of
some of those internal block boundaries that were originally
introduced purely for grid control purposes, but which are
not, in principle, needed for the flow calculation, might lead
to faster convergence rates. This has not yet been investigated
because of the memory limitations of the Cray 1S. Neverthe-
less, the results demonstrate that the method can be used to
calculate two-dimensional flows over complex shapes, given a
grid of the multiblock type. Improvements to the method may
lead to greater speed and more accurate predictions of flows
such as that presented above for the Williams-A configura-
tion, although it has not yet been possible to determine how
much, if any, of any shortcoming is due to deficiencies in the
grid. Preliminary investigations show that there is some sensi-
tivity to grid point density and distribution, especially in the
overlap region between the two elements.
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Conclusions

A strategy has been devised for successfully combining the
cell vertex, multigrid and multiblock methods enabling solu-
tions of the Euler equations for flows over complex geometries
to be obtained rapidly and accurately. The versatility of the
scheme has been demonstrated and validated through calcula-
tions of a flow over the aerofoil RAE 2822. The penalty
associated with the ability to carry out calculations using grids
with multiblock structure is far from negligible. However,
since the method enables flows over general two-dimensional
shapes to be calculated without changes to the associated
computer program, as demonstrated by the results for the
Williams-A aerofoil-plus-flap configuration, it is felt that the
penalty should prove acceptable.

The success of the present work provides encouragement for
the extension of the flow calculation method to three-dimen-
sional flows. In view of the nature of general multiblock grids,
it seems essential that the method should allow different num-
bers of multigrid levels in different blocks. This is probably
more important than having flexibility in the way in which
coarse grids are obtained from finer grids. However, it is felt
that there will be some benefit in modifying the overall strat-
egy so that several fine-grid time-steps can be taken consecu-
tively in one block before further time-steps are taken in
another block.
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